in Phys. Rev. D 86, 043005 (2012) claim that an observable effect in the spectra of distant very-high-energy blazars arises as a consequence of oscillations of photons into axion-like particles (ALPs) in the presence of turbulent extra-galactic magnetic fields. The main objective of this comment is to demonstrate that such a result is physically incorrect. We also show that a physically correct treatment of the same issue leads to a much less relevant conclusion, which makes the effect pointed out by WB likely unobservable with the present capabilities.
In our opinion, a flaw of the considered paper is that WB do not state explicitly their assumptions, neither they provide any information about the way they evaluate the photon survival probability along a single trajectory. Do they consider a polarized beam or an unpolarized one? As we will see below, this point is of crucial importance because it changes drastically the result, but nothing is said about that by WB. Quoting a famous statement of Georg Uhlenbeck "first the assumptions, then the result"! We explicitly show that they consider an initially polarized beam, whereas a physically correct treatment demands the beam to be initially unpolarized. As a consequence, the result of WB changes completely.
II. SETTING THE STAGE
Specifically, writing the photon-ALP Lagrangian as
the definition of E thr is
where m a is the ALP mass, ω pl is the plasma frequency and B T is the component of the magnetic field transverse to the beam (WB write B sin θ in place of B T ), which is supposed to be monochromatic of energy E.
A very remarkable fact is that under the assumption E m a the beam propagation equation in a generic magnetic domain n takes a Schrödinger-like form in the variable z along the beam [7] , to wit
with the wave function of the form
where A 1,n (z) and A 2,n (z) denote the photon amplitudes with polarization (electric field) along the x-and y-axis, respectively, while a n (z) is the amplitude associated with the ALP in the n-th domain. Further, we let φ n be the angle between B T and the fixedx directionequal for all domains -in the n-th domain. In the general case in which the Extragalactic Background Light (EBL) is important a fraction of photons gets absorbed through the process γγ → e + e − and the mixing matrix M(φ n ) reads
The various delta terms are defined as follows:
a /2E, ∆ B = g B T /2 and ∆ abs = 1/2λ with λ being the photon means free path for γγ → e + e − scattering [8] .
Hence, we see that inside every domain the considered beam is formally described as a three-level unstable non-relativistic quantum system.
In the simplest case of a single domain with B homogeneous, ω pl = 0, λ = ∞ and φ n = π/2 the γ → a conversion probability is
For a photon beam linearly polarized along B T we have α = 4, for a linear polarization perpendicular to B T we get α = 0, whereas for an unpolarized beam it turns out that α = 2. Moreover, Eq. (6) shows that for E sufficiently larger than E thr P γ→a becomes maximal and energy-independent, which is indeed the strong mixing regime.
So, we see that the question whether the beam is polarized or not is of crucial importance because it changes drastically the conclusion.
III. PROBABILITIES FOR POLARIZED AND UNPOLARIZED BEAMS
Our main criticism indeed concerns the beam polarization. We want to emphasize that the beam polarization is unknown. A reason is that it is not clear whether the emission mechanism is leptonic or hadronic, and for instance in the pure synchro-self-Compton model (without external electrons) the polarization of the emitted photons decreases both with the electron energy and the viewing angle, so that it is vanishingly small for the TeV BL Lacs [9] . Another reason is that the polarization cannot be measured in the γ-ray band. So, in the lack of any information about the beam polarization the only sensible option is to suppose that the beam is initially unpolarized.
Hence, according to quantum mechanics in the n-th domain the beam must be described by a polarization density matrix, namely
rather than by a wave function ψ n (z) like the one in Eq. (4). Moreover, the analogy with non-relativistic quantum mechanics entails that ρ n (z) obeys the Von Neumann-like equation
associated with Eq. (3) [4] . Observe that even though the hamiltonian is not self-adjoint, we always have
where U n (z, 0) is the transfer matrix, namely the solution of Eq. (3) subject to the initial condition U n (0, 0) = 1. Assuming that the number of domains is N , the transfer matrix describing the whole propagation process is
with z 0 = 0 and z N = z, and the photon survival probability along a single realization of the unpolarized beam corresponding to φ 1 , φ 2 , ..., φ N is given by [4] 
while the analogous probability in the case of a polarized beam along the x-axis reads [10]
where
IV. A PARTICULAR CASE
Let us consider first the case in which EBL absorption is absent, so that the hamiltonian is self-adjoint and the transfer matrix must be unitary. Since we cannot know the specific trajectory followed by the beam during its propagation, this has to be true for any trajectory. Now, by inserting Eqs. (13) into Eq. (11) and working out the resulting expression we find
But owing to the unitarity of U, the condition U U † = 1 implies
whereas the condition U † U = 1 entails
which upon insertion into Eq. (14) yield
This conclusion is in blatant contradiction with the result of WB reported in the upper panel of their Fig. 2 , and so we infer that WB consider an initially polarized beam.
V. PHOTON SURVIVAL PROBABILITY
From now on we address the case in which the EBL absorption is present. As a benchmark for comparison, we start by dealing with the photon survival probability along a single randomly chosen trajectory of the considered stochastic process in the case of an initially polarized beam. For the sake of comparison with WB, we take the same values of the parameters adopted by them, namely a source at redshift z s = 0.1 (not to be confused with the coordinate along the beam), the magnetic field strength B = 1 nG, the size of a magnetic domain equal to 1 Mpc, the photo-ALP coupling g = 8 · 10 −11 GeV −1 and the ALP mass m a = 2 neV. Using Eq. (12), we find the result plotted in Fig. 1. Manifestly Fig. 1 is qualitatively identical to the lower panel of Fig. 2 of WB. This circumstance confirms that WB indeed consider an initially polarized beam.
Let us next address the analogous probability -for the same values of the parametersin the case of an initially unpolarized beam, which is the physically correct case. Employing now Eq. (11), the corresponding result is exhibited in Fig. 2 .
Evidently the size of the fluctuations is drastically reduced in the unpolarized case with respect to the polarized one.
Just to show that such a conclusion is general -and not a particular feature of the selected trajectory -we take another randomly chosen trajectory. Repeating the above calculations in this case, the result for an initially polarized beam is plotted in Fig. 3 , while the one for an initially unpolarized beam is reported in Fig. 4 . Manifestly, Figs. 1 and 3 are qualitatively identical, and the same is true for Figs. 2 and 4.
VI. OBSERVED FLUX
As a further step, we follow as closely as possible the same lines of Sect. III of WB. Explicitly, as a first step we generate photons by a Monte Carlo method according to a log-parabola probability distribution -shape of the initial spectrum -with an integrated flux in the TeV band at the Crab level. We simulate an observation of 50 h with an effective area of 10 5 m 2 , which amounts to about 100000 photons. We suppose that 10 observations of 5 h each are performed, so that every one collects about 10000 photons. Assuming that the observations are performed in the energy band 5 · 10 2 GeV − 7 TeV, we divide this range into 33 energy bins. At this point, we bin the 10 observations, computing both the mean and the variance pertaining to the 10 observations for each of the 33 energy bins. Next, we perform a log-log best fit of the binned points and we evaluate the fit residuals. Finally, we compute the variance of the fit residuals. All this is obtained by averaging over 5000 realizations, as in the case of WB.
We proceed in parallel with the discussion in Sect. V, which amounts to implement such a strategy first the case of an initially polarized beam and next the case of an initially unpolarized one. We show in Fig. 5 the unbinned and binned spectra in the case of a polarized beam when EBL absorption and photon-ALP oscillations are considered. The model parameters are the same as before. Fig. 6 is merely the counterpart of Fig. 5 in the case of an unpolarized beam. In either case, the solid black line represents the unbinned spectrum and the red lines the binned spectrum in the situation of photon-ALP oscillations. The dashed black line corresponds to the best fit to the bins (regardless of the underlying physics).
As before, the difference between Fig. 5 and Fig. 6 is great: while in the polarized case the amplitude of the oscillations is large, in the unpolarized one their size gets drastically reduced. The actual physical difference between the two cases is confirmed by the distribution of the residuals -displayed in Fig. 7 -where red blobs and green stars represent the cases of a polarized and unpolarized beam, respectively in the presence of photon-ALP oscillations. For comparison, the blue triangles correspond to the situation of conventional physics. Finally, we report in Table I the predicted values of the variance of the fit residuals for the above choice of the model parameters.
VII. CONCLUSIONS
We have critically analyzed the claim put forward by WB [1] that an observable effect in the spectra of distant very-high-energy blazars arises as a consequence of oscillations of photons into axion-like particles (ALPs) in the presence of turbulent extra-galactic magnetic fields. In practice, we have redone the same analysis of WB in order to understand whether their result concerning potentially observable fluctuations in the spectra of blazars in the presence of photon-ALP oscillations are derived for a polarized or unpolarized photon/ALP beam. We have reproduced all their results in the case of an initially polarized beam, which however looks physically irrelevant to current observations. But we have shown that for the physically relevant case of an initially unpolarized beam the claimed effect is drastically reduced, indeed to such an extent to become likely unobservable with the present capabilities. In this respect, two remarks are in order. We have taken an energy resolution of 15 % in order to conform ourselves with the choice of WB, but we believe that while this figure is realistic for the Cherenkov Telescope Array (CTA) it is too optimistic for the present Imaging Atmospheric Cherenkov Telescopes (IACTs), for which a value of 20 % would be more realistic: this would lead to a larger smearing of the fluctuations in the energy spectrum. An additional smearing arises from the systematic errors, which have not been taken into account again in order to conform our analysis with that of WB. 
